We evaluate the relative entropy on a ball region near the UV fixed point of a holographic conformal field theory deformed by a fermionic operator of nonzero vacuum expectation value.
I. INTRODUCTION
The AdS/CFT correspondence relates the bulk gravity to the boundary dual CFT in a nontrivial way. It has inspired numerous studies and shed light on our understanding for both quantum gravity and strongly coupled CFT in the past twenty years. In particular, the advance of the Ryu-Takayanagi formula [1, 2] ten year ago brings the information perspective into the studies of quantum gravity and CFT, and thus deepens our insight beyond the conventional scope. Many entanglement-related quantities in quantum information of CFT then have the dual geometrical realizations, see [3] for a recent review on this aspect.
An important concept in the information theory is the relative entropy [4] [5] [6] [7] [8] [9] which measures the "distance" between two states. Holographically, different CFT states are dual to different bulk geometries so that the relative entropy can be viewed as some kind of bulk geometric measure. For the nearby states/geometries the relative entropy is zero at the first order. This fact is also dubbed as the first law of entanglement thermodynamics [10] , which relates the change of the entanglement entropy to the change of the modular Hamiltonian.
Later the first law is shown to be holographically dual to the linearized Einstein equation of the bulk gravity [11] [12] [13] [14] [15] [16] [17] . Using the first law, it is further shown recently that the entanglement entropy of a ball region obeys Laplacian equation of the auxiliary de Sitter space, i.e., kinematic space of geodesics [18] [19] [20] .
As a measure of "distance" between states, the relative entropy is positive definite by its mathematical definition. The violation of such positivity would imply pathology of the underlying quantum field theories, such as the violation of unitarity. One can then take this property as diagnostic for pathological coupling space, i.e., swampland of the holographic CFTs. Due to the convexity of the relative entropy, the first order result is always zero so that we need to evaluate the relative entropy at least up to the second order to achieve the aforementioned diagnosis. This was firstly initiated in [11] , which showed that the positivity of the relative entropy is consistent with the Breitenlohner-Freedman (BF) bound on the mass of bulk scalar. Recently, there are intensive studies on the second order results [21] [22] [23] [24] [25] .
Especially, a key result shown in [22] [23] [24] is that the positivity of the relative entropy of a ball region at the second order is equivalent to the positive quasi-local energy condition of the bulk gravity. This implies that the quantum information inequality of a holographic CFT is guaranteed by the stability of the bulk Einstein gravity. Another interesting result as shown in [25, 26] suggests that the relative entropy of the holographic CFT states equals to the relative entropy of the associated bulk quantum states, which is relevant to the entanglement wedge reconstruction of the bulk operators [27, 28] .
Along the above line of research, in this paper we will exploit the positivity of the relative entropy to constrain the holographic CFT, which is dual to the torsion gravity. According to AdS/CFT correspondence, the torsion field should be dual to a new CFT operator which is not considered before in the literatures as far as we know. Though a CFT is mainly dictated by the conformal symmetry, its spectrum and the OPE coefficients are severely constrained by unitarity, bootstrap conditions [29] and the information inequalities such as the aforementioned positivity of relative entropy. Therefore, it is interesting to explore such kind of constraints on the additional new torsion operator, which should also constrain the bulk torsion gravity.
Torsion as the antisymmetric part of an asymmetric affine connection was firstly discussed by Eddington [41] and then formulated by Cartan [42] . One may introduce torsion when there are microscopic fermion matters coupled to gravity through spin connection because there is a possibility that the fermions will source torsion. As the gauginos and gravitinos are the necessary ingredients of the supergravities, it is natural to introduce torsion and to discuss its dynamical role in this context. On the other hand, there seems no consideration of torsion gravity in the context of holographic principle because it is usually not necessary to take the backreaction of the bulk fermion matters into account. This is not the case in this paper when we consider the holographic relative entropy by evaluating the backreacted bulk metric due to the bulk fermion condensate. We hope that our holographic results will motivate future works from CFT analysis on the similar constraint due to the torsion operator.
To be specific, we start with the canonical formulation of torsion gravity, the so-called Einstein-Cartan gravity [43] [44] [45] in which the metric covariantly couples to the torsion and non-torsion parts of the affine connection with the same coupling strength. We call this the canonical coupling to torsion. When introducing the bulk fermion dual to a fermionic CFT operator, one is free to postulate a bilinear interaction between the fermionic axial current and the torsion with arbitrary coupling constant η t , i.e.,
where K νρσ is the contorsion tensor. If η t = 1, L ψK is the canonical coupling of the fermion to torsion as conventionally chosen in [43, 44] . Now we can diagnose if such a coupling is favored by the positivity of the relative entropy.
We will evaluate the relative entropy in the perturbative framework of Einstein-Cartan gravity in four-dimensional asymptotically anti-de Sitter space (AdS 4 ) by solving the backreacted metric due to the zero modes of the bulk fermion. However, after some calculation we realize that the relative entropy is zero at all orders of gravitational coupling for the fermionic excited states. This is because the bulk stress tensor of the bulk fermions vanishes for such holographic states, for which we turn on either normalizable or non-normalizable mode but not both. It then seems that there is no constraint from the positivity of relative entropy.
This is not the case if we turn on both the normalizable and non-normalizable modes of the bulk fermion, the nonzero bulk stress tensor will then backreact to bulk geometry to yield nonzero relative entropy at the second order. For simplicity, we will only consider turning on the bulk fermionic zero modes. Holographically, this is dual to deforming the holographic CFT by such a coupling term
and with
where O ∆ is some single-trace fermion operator of conformal dimension ∆, and δλ is a spinor characterizes the amount of deformation 1 . As expected, the holographic stress tensor is no longer traceless for the deformed fermion state.
Due to the deformation (2) and (3) the relative entropy considered in this paper is obtained by comparing some nearby UV states under the RG flow 2 . This is in contrast to the previous discussions [21] [22] [23] [24] [25] in which they compared the states in the same theory. In fact, the CFT calculation of such relative entropy for deformed CFT had been considered [38] , in which it was shown that the relative entropy (or change of entanglement entropy at the second order) equals the integration of bulk energy density of the matter field over the entanglement wedge. In this paper we will instead evaluate the relative entropy holographically for the deformation caused by fermionic operators, and then require the positivity of the relative entropy to constrain the bilinear coupling η t in (1) between axial fermion current and torsion. Note that this coupling cannot be fixed by the dynamical symmetry of the holographic CFT. However, we find that the positivity of relative entropy impose some constraint such a coupling. Our results give the example of constraining the dual gravity with novel coupling by the information inequality of the holographic deformed CFT.
II. REVIEW AND SUMMARY
In the this section, we will briefly review the basics of relative entropy and its holographic realization. This will form the setup for our consideration in this paper.
A. Relative Entropy and Holographic Consideration
The relative entropy [4] [5] [6] is a "distance" measure on the (quantum) state space. For two state ρ and σ, the relative entropy is defined as S(ρ||σ) := tr(ρ log ρ) − tr(ρ log σ) .
As a "distance" measure, the relative entropy is non-negative, i.e.,
1 So that the overall coupling term (2) is a scalar as it should be, see (81) for an explicit expression. 2 One may raise the issue about comparing the states in different theories if their Hilbert spaces are not compatible. To lift such kind of concerns we will assume our comparison is restricted to the nearby region of the UV fixed point, i.e., by requiring δλ in (2) to be very small.
in which the equality holds if and only if ρ = σ. Moreover, it is also monotonic, i.e.,
if A ⊂ B, where ρ A and σ A (ρ B and σ B ) are the reduced density matrices for the subsystem
When considering the thermal states at temperature T , i.e., σ = e −H/T tre −H/T where H is the Hamiltonian, the relative entropy can be expressed as
where the free energy F (ρ) is given by
The positivity of the relative entropy around the thermal states was used to prove the Bekenstein bound [7] and the generalized second law [8, 9] .
On the other hand, for a quantum state one can express the reduced density matrix σ A on the region A in terms of the modular Hamiltonian H A as follows:
then the relative entropy can be rewritten as
where
Note that the entanglement entropy for state σ on the region A is defined by
so that ∆S A is the difference of entanglement entropy of the region A between states ρ and σ. Via (10) the positivity of relative entropy yields
The modular Hamiltonian H A is in general nonlocal and unknown. However, for CFT d with the interested region A to be a disk of radius R A , it has a closed form as follows [30] :
where T tt is the energy density operator of CFT. When evaluating H A holographically, we can substitute into (15) the holographic energy density T tt evaluated via the method of [48, 49] .
To extract some constraints from the relative entropy, we are interested in the case where σ is the CFT vacuum state, and ρ is a perturbative state (by either excitation or deformation)
away from σ, i.e.,
Since the relative entropy takes its extremum at ρ = σ, its first order variation vanishes, which then yields the first law of entanglement thermodynamics [10, 11, 13] , i.e.,
On the other hand, the positivity of the second order variation will impose some unitarity bound on the deformed states of CFT.
In the context of AdS/CFT correspondence, a dual state is characterized by an asymptotic AdS bulk metric, i.e., in the Poincare coordinates,
where ℓ is the AdS radius. The CFT vacuum state σ corresponds to G(z) = 1 and H µν = η µν .
The perturbative state ρ will be given by some slightly deviated H µν as well as G(z).
The stress tensor T µν for each dual CFT state can then be evaluated holographically in the standard way as given in [48, 49] . Therefore, we can then obtain the modular Hamiltonian H A on the region A from T µν for the corresponding state by the relation (15) if A is a ball.
By evaluating H A for both ρ and σ states and subtracting them, we can then obtain ∆ H A .
We still need to calculate ∆S A holographically in order to obtain the relative entropy by (10) . The entanglement entropy can be obtained holographically by the Ryu-Takayanagi formula [1, 2] :
where γ A is the co-dimensional two extremal surface ending on the entangling surface ∂ A at the AdS boundary z = 0. For static metric, γ A is simply the minimal surface on a fixed time slice. We can then evaluate the γ A and thus S A for the bulk metrics corresponding to states ρ and σ, and then subtract them to obtain ∆S A .
B. Summary of Our Results
In this work we consider the deformed holographic CFT with fermionic sources in AdS 4
space in the framework of Einstein-Cartan gravity with a postulated coupling constant for the bilinear interaction between axial current and torsion. Note that this coupling cannot be fixed by the dynamical symmetry of holographic CFT. Instead we find that the positivity of relative entropy disfavors such a coupling.
By turning on both normalizable and non-normalizable fermionic zero modes, the bulk geometry will be backreacted by the torsion at the second order of gravitational coupling.
We will solve the backreacted metric in the expansion of Newton constant, denoted by k, up to k 2 order, i.e.,
where g 0 is the pure AdS 4 metric. Note that g 1 and g 2 will encode the information about the fermionic sources.
Moreover, a bulk fermion of mass m considered here is dual to a CFT operator of conformal dimension ∆ given by [46] 
Unlike the case for the scalar field/operator, from (21) we see no analogue of BF bound [31] on m for preventing from instability.
In this paper, we will consider the backreaction due to the non-vanishing stress tensor of the bulk fermionic zero modes. This is dual to the holographic deformed CFT given by (2) and (3). Then, we will evaluate the relative entropy up to k 2 (or δλ 2 ) order by using the backreacted metric.
As we will see, the torsion will affect g 2 but not g 1 . Thus, at the k order, everything should go as the usual Einstein gravity so that the relative entropy evaluated holographically will satisfy the first law (17), i.e.,
as expected.
For the evaluation of the second order relative entropy, we first need to evaluate ∆ H A | k 2 by plugging T tt | k 2 into (15). However, following the method of [48, 49] the holographic evaluation of T tt | k 2 via g 2 yields zero. Thus, we have ∆ H A | k 2 = 0. Combined this result with the one of (22), we obtain the relative entropy (10) up to k 2 order, that is
To evaluate ∆S A | k 2 , we need to first evaluate the the minimal surface γ A with respect to the metric g 0 + kg 1 up to k 2 order, and we denote it by γ
A . Then, we can obtain ∆S A | k 2 by
where Area(γ
A )| g means evaluating the area of surface γ
A with respect to the metric (20) . In this work we find that the constraint (23) yields a constraint on m:
where η t is the postulated coupling constant for the bilinear interaction between bulk axial current and torsion, and µ 0 characterizes the equation of state for the dual deformed fermion state by
Here P is the pressure and ε is the energy density of the deformed fermion state. Note that the monotonicity condition
≥ 0 yields the same condition (25) .
We see that the positivity of the relative entropy imposes constraint on the bilinear coupling η t in (1) as well as the fermion mass m and equation of state µ 0 . If there were no such coupling, i.e, η t = 0, then the relative entropy is positive for all m, which is consistent with the fact there is no BF-bound for fermion's mass and seems more natural. Otherwise, the constraint is on all three parameters in a nontrivial way. It is interesting to see how this constraint can be understood as some energy condition in the bulk Einstein-Cartan gravity.
III. EINSTEIN-CARTAN GRAVITY: A BRIEF REVIEW
We will consider the backreaction to the bulk metric by turning on the bulk fermion matters. The nontrivial fermion matters will in general source torsion so that the gravity is naturally described by the Einstein-Cartan theory. Here we will follow the formulation of four-dimensional torsional gravity with fermion matters given in [43] (or [44] ) to derive the field equations.
In the Riemann-Cartan spacetime, the torsion tensor is defined as
in which Γ λ µν is the affine connection compatible to the metric
where ∇ σ the covariant derivative defined in terms of Γ λ µν . This affine connection is specified uniquely in terms of metric and torsion:
whereΓ λ µν is the Christoffel symbol computed from the metric, and K λ µν is the so called contorsion tensor
A general action for the four-dimensional torsional gravity with matter fields takes the following form:
where κ 2 := 8πG N . By varying the action, the formal field equation for matter is
and the ones for the metric and torsion are
. We have introduced the metric energymomentum tensor
as well as a tensor with the meaning of a spin energy potential
In the above, we have introduced the coupling constant η t between the fermion and the torsion. For η t = 1 we call such coupling canonical, which means that the fermion couples to the torsion with the same strength as its coupling to the non-torsion part of the affine connection, much like what metric does.
Explicitly, in this paper we will consider the fermion Lagrangian with generic coupling constant η t , i.e.,
with the covariant derivative acting on ψ given by
where the Riemannian part of spin connection is defined as
The convention of gamma matrices adopted here is {γ a , γ b } = 2η ab with η ab = diag{−1, 1, 1, 1},
. Latin indices label the components in the tangent space and Greek indices label that of the curved space. Note that γ µ = e a µ γ a . We can further separate the Riemannian part of (36) from the torsion part, i.e., 
It is easy to see that τ µνλ is directly related to the axial current j (39) is the bilinear coupling between axial current and torsion given in (1).
On the other hand, for the metric we will consider the Einstein-Cartan gravity, i.e.,
with
Note that the Ricci tensor R µν is asymmetric in general, so is the Einstein tensor G µν := R µν − 1/2 g µν R . Also, Λ is the cosmological constant and in the following we will take Λ = −3/ℓ 2 where ℓ is the curvature radius of AdS space.
A rather lengthy calculation gives
where the modified divergence∇ λ := ∇ λ + 2 S 
where we have introduced the asymmetric total energy momentum tensor
From (34), (35) and (39) we have
In fact, we can split the Einstein tensor G µν in (46) into its Riemannian partG µν as well as its non-Riemannian part and substitute the torsion terms in the latter part by means of (47), which is an algebraic relation. Then, we can obtain the combined field equatioñ
with the combined energy momentum tensor
which is symmetric by definition and obeys the conservation law∇ νσ µν = 0 (where∇ is defined in terms of Christoffel symbols). For the fermion Largarangian (39) we havẽ
whereΣ µν is the Riemannian part of Σ µν .
The Dirac equation δL M /δψ = 0 takes the following form after using the second field equation (47) :
In summary, the field equations we are going to solve are (50) and (53) in the familiar Riemannian form but with the sources due to the fermion matter and the torsion given by (41) (49) and (52) .
As a matter of fact, the Σ µν and τ µνλ defined by (48) and (41) are the canonical energymomentum tensor and spin angular momentum tensor. That is, if the matter equation (32) is fulfilled, the Noether's theorem indicates the following identifications
and the conservation lawŝ
where h µν are the representation matrices of the infinitesimal coordinate transformation appropriate to the matter field.
IV. SOLVING FIELD EQUATIONS A. Perturbative Field Equations
As the full solutions of the field equations in the presence of fermion matters and torsion are difficult to obtain even numerically, in this subsection we will first iteratively expand the field equations up to the second order of gravitational coupling constant. Then, we will solve them in the next subsection.
Naively we would like to solve the field equations order by order in the perturbative series of κ 2 . However, as κ 2 is dimensionful, we will instead introduce an IR length scale r L and later perform the expansion with respect to a very small dimensionless parameter k in the low energy limit, with
Note that r L is not an emerging IR scale but an intrinsic IR cutoff, which can be naturally thought as the overall size cutoff for the perturbative zero mode solutions. Moreover, as
we will see that the resultant physical quantities such as entanglement entropy, modular
Hamiltonian and also the derived information inequality will not depend on r L . Thus, it is indeed not an emerging scale.
To solve the field equations (50) and (53) perturbatively, we expand all the tensor fields in the powers of k in the following manner:
where A can be g µν , e a µ ,ω ab µ ,∇ µ , ψ,G µν ,σ µν , · · · . For our purpose we will solve up to k 2 order. The zeroth order field equations are simplỹ
Note that there are vielbeins hidden in γ µ 's, and∇
µ is defined in terms of the zeroth order vielbeins:
The first order field equations areG
in whichW
(1)
In the above, the notation∇
Obviously, from (61) we see that the first order perturbed metric g (1) µν is sourced only by the stress tensor of the zeroth order fermion field. To see the influence of the torsion on the metric, we need to look into the second order perturbation g (2) µν which satisfies
Similarly, the notationW 
µν .
B. Solutions
We will now solve the above perturbative field equations up to k 2 order. Then, we can use these solutions to evaluate the correction to the holographic entanglement entropy via Ryu-Takayanagi formula.
The Zeroth Order Fermion Solution
For simplicity we drop the superscript of ψ (0) throughout this sub-subsection. The zeroth order Dirac equation is
We choose the 0 th -order metric to be the pure AdS 4 :
Writing ψ(t, r,
the Dirac equation is turned into r ℓ
where {k i } = {ω, k 1 , k 2 } and γ i = {γ 0 , γ 1 , γ 2 }. We work in the following representation of the Dirac matrices:
whereγ i are the 2×2 gamma matrices for the (2+1)-dimensional dual boundary theory:
Decompose φ into
the equation (72) can be reduced to a set of coupled equations r ℓ ∂ r + 3 2ℓ
From the above we can obtain a second order equation of φ + which is the deformed Bessel equation, i.e.,
After solving φ + , one can then obtain φ − from (75). The explicit solutions are listed in the appendix.
In this paper, for our purpose we will consider the simpler case with ω = k 1 = k 2 = 0.
Otherwise, the backreacted metric will be non-stationary and inhomogeneous along the traverse directions (see appendix A for a brief discussion on the case with non-vanishing ω, k 1 , k 2 ). Thus, we will avoid this kind of complications when considering the holographic entanglement entropy in the backreacted background geometry. For such a case, the equations (75) and (76) are decoupled, and the solution is simply
where a + and a − are two independent arbitrary constant 2-component spinors.
The First Order Metric Solution
We now use the zeroth order fermion solution (78) to source the first order perturbation of the metric. Without loss of generality we choose the constant spinors to be
where α, β are real constant numbers. The corresponding energy-momentum tensorσ (0) µν can be worked out through (64), and the result is
Note that integration constant chosen in (79) is prescribed in [46] when considering the holographic dynamics of the fermionic operators with nontrivial transports. This is also reflected in the fact thatσ
µν is nonzero only if both α and β are nonzero. Otherwise, there will be no backreaction to the bulk so that the relative entropy at all orders are zero. This is in contrast to the cases for the bulk scalar as considered in [38] . Thus, in the following we will consider the case with nonzero α and β.
If we assume m < 0 3 , then φ + associated with α is the non-normalizable mode and φ − associated with β the normalizable mode. By the AdS/CFT dictionary, e.g. see [46, 47] , this is dual to deforming the CFT by the term shown in (2) and (3) with the following
Thus, our relative entropy is to compare some UV state with the corresponding state under the RG flow driven by (2) and (3). Formally, we will assume α and β to be very small, i.e., by restricting to the nearby region of UV fixed point.
The first order field equation (61) is solved by the following metric ansatz
with q t = q x = q y = q r = 3 and arbitrary dimensionless constants b µ ′ s satisfying
Naturally we choose b x = b y so that the transverse space is homogeneous and isotropic.
As a matter of fact, we will need b x = b y = 0 so that the holographic entanglement entropy is free of IR divergence (refer to appendix B for detailed analysis). Hence the first order backreacted metric is
with µ 0 some undetermined integration constant characterizing the metric configuration. It is similar to the black hole mass parameter of the vacuum solution in Einstein gravity.
The First Order Fermion Solution
We again consider only the zero-mode (i.e., k i = 0) for the first order fermion perturbation, denoted by ψ (1) , which can be decomposed as follows:
Then, the first order field equation for ψ (1) also decompose into r ℓ ∂ r + 3 2ℓ + m ψ
It is straightforward to solve the above equations and the results are
where v 1 , v 2 are integration constants for the "homogeneous solution". Note that the "homogeneous solution" has the same power of r as for the zeroth order solutions (78), thus we can simply set v 1 and v 2 to zero 4 . Thus, the first order fermion solution is
The Second Order Metric Solution
The first order metric and fermion solutions can then source the second order metric perturbation. Based on the results in the previous subsections we can obtain the corresponding energy-momentum and spin angular momentum tensors via (66), (67) and (68), and the results arẽ
The torsion contributes toσ (1) µν through both the spin angular momentum τ abc(0) and the first order fermion field ψ (1) , since the latter is solved from (62) containing a four-fermion interaction term which is due to the torsion coupling.
It turns out that the second order field equation (65) is solved uniquely by the following second order metric perturbation:
with p t = p r = p tx = 6 and
4 From the point of view of solving the full solutions, we need only two integration constants, which should be fixed by the proper boundary conditions. When solving in the perturbative framework, it seems that we have two integration constants at each order. However, we should lump these integration constants together up to the order we solve, and then fixed the two lumped integration constants by boundary conditions. This is equivalent to just fixing the zeroth order integration constants e.g, α and β, but setting all the higher order one to zero. In the context of dual CFT, the lumped integration constants,
i.e., α and β are just the renormalized source and vev.
Later on it is more convenient to work in the planar coordinate z := ℓ 2 /r with also
Combined the above, the metric up to k 2 order takes the form
We could evaluate the holographic stress tensor [48, 49] for the above backreacted metric and the result is
with µ, ν = t, x, y. It is straightforward to check that the traceless condition for 3d CFT leads to b t + b r = 0 which is in conflict with (85) (for any finite µ 0 ), indicating the violence of conformal symmetry due to the presence of the fermion source, i.e, the deformation.
Moreover, using (85) we see that the parameter µ 0 characterizes the equation of state of the stress tensor for the deformed fermion state by
where ε = T tt and P = T xx = T yy . We see that this equation of state approaches the one for conformal fluid if µ 0 → ∞ though the stress tensor is strictly not traceless.
V. RELATIVE ENTROPY FOR THE DEFORMED FERMION STATE
Now we would like to extract the change of the holographic entanglement entropy via Ryu-Takayanagi formula (19) for the deformed fermion state described by the backreacted geometry (98) and (99).
We choose the region A to be a disk of radius R A , i.e.,
As our backreacted geometry (98) (99) is in general stationary at the k 2 order, in principle we ought to solve for the extremal surface which is a bit tedious. However, since we are only interested in the resultant holographic entanglement entropy up to k 2 order, a simpler prescription [15] could be adopted as the following: firstly we solve for the minimal surface γ A in the geometry (84) and (85) which is up to k 2 order and static, then we evaluate the area of the same surface in the metric (98) and (99) which is up to k 2 order. We do not need to solve the the shape of extremal surface in the second order perturbed metric, since γ A is an extremal surface with respect to the first order perturbed metric.
The area functional for a surface described by r(z) in constant time slice is given by
where we have turned (x, y) → (r, θ) , ǫ is the UV cutoff and z * is the turning point where
It is straightforward to vary the area functional to get the equation of motion for the minimal surface r(z):
To solve for the minimal surface for the first order perturbed metric, we set G(z) to be
for our purpose we need to solve for the minimal surface up to k 2 order (so that it is still a minimum for a shape deformation under the second order metric perturbation, which is at least of k 2 order):
z * is related to R A by the relation R A = r(0) (1) , from which we could solve z * in terms of
The holographic entanglement entropy for stationary metric given by (98) and (99) is evaluated up to k 2 order by substituting (105) into (103) while setting G(z) to be G(z)
L , the result is
in the above we have replaced k with κ 2 /r
On the other hand, the modular Hamiltonian could be evaluated from (15) and (100).
Note that there is only O(k) contribution in holographic stress tensor,
From the above, we find that the relative entropy S(ρ||σ) := ∆ H A − ∆S A vanishes at the first order because
This is the first law of entanglement thermodynamics as expected.
At the second order, the stress tensor is zero so that the relative entropy is nothing but S(ρ||σ) = −S 2 . Then the positivity of the relative entropy gives
Moreover, note that the monotonicity of the relative entropy, i.e.,
∂S(ρ||σ) ∂R A
≥ 0 gives the same constraint.
Since there is no BF-like bound on the fermion mass m, it seems that a natural way to satisfy (118) without fine-tuning η t , m and µ 0 is to set η t = 0, which might indicate that the torsional coupling (1) is disfavored hence the torsional gravity locates at the swampland [39, 40] . However, we will take the alternative interpretation that the positivity of relative entropy requires that such a bilinear interaction between axial fermion current and torsion could exist only for massive enough fermions.
One might note that the change of the entanglement entropy ∆S A ≈ S 1 > 0, which is in conflict with the intuitive expectation that monotonic decrease of entanglement entropy under RG flow [32] [33] [34] [35] [36] [37] . This is however not in conflict with the fact demonstrated in [52, 53] that the entanglement entropy does not monotonically decrease in the generic Lorentzviolating field theories. Though our deformation term (2) is Lorentz invariant, the coupling source δλ (or the vev of the deformation operator
) is a spinor so that its nonzero value violates the Lorentz invariance spontaneously. We thus expect ∆S A ≈ S 1 > 0 (note that S 2 is one order smaller than S 1 and thus neglected.).
On the other hand, the positivity and monotonicity of relative entropy, as they should be by the mathematical construction, have nothing to with Lorentz non-invariance. If the positivity condition is violated, it indicates that the underlying theory is pathological, i.e., swampland. In particular, implied by the first law of entanglement thermodynamics, the first oder relative entropy is zero even though S 1 is not. This is why one needs to go to second order for checking the positivity and monotonicity of relative entropy.
VI. CONCLUSION AND DISCUSSION
In this paper we study the positivity constraint of the relative entropy in the torsion gravity, which is dual to a deformed CFT by turning on a fermionic operator of nonzero vacuum expectation value. To consider the backreaction caused by the bulk fermion, one is free to postulate a conventional bilinear coupling between axial fermion current and torsion, which cannot be specified by the dynamical symmetry of CFT. Interestingly we find that the positivity condition imposes some constraint involving this coupling, fermion mass and equation of state. Our results provide an example of exploiting the quantum information inequalities to constrain the holographic CFT with a novel torsion operator.
We would like to emphasize that the relative entropy considered here for the deformed holographic CFT is different from the discussions in [21] [22] [23] [24] [25] where the relative entropy is obtained by comparing the quantum states in the same CFT. In this general scope, we can have more handles to further explore the constraints in the dual gravity by the quantum information inequalities.
As discussed in [22] [23] [24] , the positivity of the relative entropy for the excited holographic state can be formulated as the positive energy condition in the bulk gravity. We believe that our positivity constraint of relative entropy should also correspond to some quasi-local energy condition in the Einstein-Cartan gravity. However, it has been known that the quasi-local energy in the torsion gravity is more subtle than in the Einstein gravity, and a commonly consented energy condition seems still lacking [54]. We will explore this problem within the framework of [55, 56] 
where Z ν (z) is some Bessel function and
, while a + is an arbitrary constant spinor with 2 components. The exact solution satisfying the in-falling boundary condition in IR regime is as the following:
We would be interested in the case with ω > k
The solution φ − (r) should be related to φ + (r) through (75) . Employing the following recursive relations of all kinds of Bessel functions:
we obtain that
For simplicity we will take the following form of shorthand:
so that
and the final solution is
Since we are interested in the IR regime of the backreacted metric which would affect the finite part of the holographic entanglement entropy, we will focus on the IR behavior of (126) for r → 0, for which purpose the following asymptotic behavior of H
ν (z) is employed:
Again we choose the constant spinor a + = {0, α} T . The energy-momentum tensorσ 
where C µν are functions of ω, k 1 , k 2 . If we ignore components other than the leading O(1/r 6 ) one in (128), the backreacted metric would be similar to (82), i.e., diagonal and static. To match the O(1/r 4 ) components in (128), t and x dependence need to be introduced in the metric. We take the following "minimally" t, x-dependent metric ansatz hence the absence of fermi surface [50] . For simplicity we just focus on the ω = k 1 = k 2 = 0 case in the main text.
B. HOLOGRAPHIC ENTANGLEMENT ENTROPY ON A STRIP FOR THE DEFORMED FERMION STATE
The modular Hamiltonian is unknown for the strip case so that we cannot conclude the information inequality even we calculate the holographic entanglement entropy up to and z * is related to L x by the following relation
It turns out that the above integration is divergent at the order k, the reason is that the integrand becomes sharply divergent as z → z * . To cure this problem we replace the upper limit z * with z * − δ and let δ → 0 after the integration, and find that the singular terms of δ cancel with each other only if b x + b y = 0. Recall we set b x = b y for homogeneity, we have
Then (135) takes the form
where c 0 = 2 √ π Γ(3/4)/Γ(1/4), c 1 = π/8 . From (137) we could solve z * in terms of L x , and the holographic entanglement entropy (134) up to order k is worked out as the following:
A + ∆S
A ,
where On the other hand, the change of energy could be obtained from (100) as
therefor we have the "first law" relation:
∆E
with the entanglement temperature
where c = 16 Γ(3/4) 2 /(π Γ(1/4) 2 ) .
B.2 The Second Order
For the second order backreacted metric (98) and (99), we adopt the same prescription as in section V. In this case the area functional for surface in constant time slice is given by
where ǫ is the UV cutoff and z * is the turning point where x ′ diverges. Varying the area functional we get the equation of motion for the minimal surface γ A :
z * is related to L x by the relation
Setting G(z) to be G(z) (144), we obtain the minimal surface x ′ (z) (1) for the first order perturbed metric. The holographic entanglement entropy for stationary metric (98) and (99) could be obtained up to order k 2 by substituting x ′ (z) (1) into (143) while setting G(z) to be G(z)
where j i 's are positive numerical constants with j 0 = d 0 , j 1 = 8πd 1 . Note that the condition for S 2 to be negative is different from the one given in (118) for the ball region.
